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Abstract

Compressed Sensing aims to capture attributes of a sparse signal using very few measure-
ments. Candès and Tao showed that random matrices satisfy the Restricted Isometry Property
or RIP property with high probability. They showed that this condition is sufficient for sparse
reconstruction and that random matrices, where the entries are generated by an iid Gaussian
or Bernoulli process, satisfy the RIP with high probability. This approach treats all k-sparse
signals as equally likely, in contrast to mainstream signal processing where the filtering is
deterministic, and the signal is described probabilistically. This paper provides weak conditions
that are sufficient to show that a deterministic sensing matrix satisfies the Statistical Restricted
Isometry Property (StRIP), and to guarantee the uniqueness of k-sparse representations. The
columns of the sensing matrix are required to form a group under pointwise multiplication,
and it is this property that provides the concentration inequalities of McDiarmid and Bernstein
with the leverage necessary to guarantee uniqueness of sparse representations. We provide
a large class of deterministic sensing matrices for which Basis Pursuit is able to recover
sparse Steinhaus signals. The new framework encompasses many families of deterministic
sensing matrices, including those formed from discrete chirps, Delsarte-Goethals codes, and
Extended BCH codes. In these cases it provides theoretical guarantees on the performance of
nonlinear reconstruction algorithms with complexity that is only quadratic in the dimension of
the measurement domain.

1. Introduction

The central goal of compressed sensing is to capture attributes of a signal using very few measurements.
In most work to date, this broader objective is exemplified by the important special case in which a k-
sparse vector α in RC with C large is to be reconstructed from a small number N of linear measurements
with k < N � C. In this problem, the measurement data is a vector f = Φα, where Φ is an N × C
matrix called the sensing matrix. The two fundamental questions are construction of suitable sensing
matrices Φ and efficient reconstruction of α from f .

The work of Donoho [Don06] and of Candès, Romberg and Tao [CT06], [CRT06b], [CRT06a] provides
fundamental insight into the geometry of sensing matrices. The Restricted Isometry Property (RIP)
formulated by Candès and Tao is that the sensing matrix acts as a near isometry on all k-sparse vectors, and
this condition is sufficient for sparse reconstruction. When N

C and/or k
N are small, deterministic sensing

matrices with the RIP property have been constructed using methods from approximation theory [DeV07]
and coding theory [Ind08]. More attention has been paid to probabilistic constructions where the entries
of the sensing matrix are generated by an i.i.d Gaussian or Bernoulli process. These sensing matrices
are known to satisfy the RIP with high probability [Don06], [CT06] and the number of measurements
N is k log

(C
k

)
. Constructions of random sensing matrices of similar size that have the RIP, but require a



smaller degree of randomness are given by several approaches including filtering [BHR+07], [TWD+06]
and expander graphs [GLR08], [BGI+08], [IR08], [JXHC09].

The role of random measurement in compressive sensing is analogous to the role of random coding in
Shannon theory. Here reliable communication is achieved by deterministic codes with fast encoding and
decoding algorithms that are designed to improve typical rather than worst case performance. Random
sensing matrices are easy to construct and achieve the RIP with high probability but suffer from two
important drawbacks. First, efficiency in sampling comes at the cost of complexity in reconstruction as
is shown in Table 1. Second, all k-sparse signals are treated as equally likely, in contrast to many of the
most valuable approaches in sensor signal processing, which capitalize on prior probability distributions
or other side information about where the signal of interest resides within the signal space. The strength
of algorithms such as Basis Pursuit [CRT06b] or Matching Pursuit [GSTV07] is sparse reconstruction
that is resilient to noise. However performance guarantees are predicated on the RIP and there is no
known algorithm for verifying whether a given sensing matrix has this property. Similarly, there is no
known algorithm tor verifying whether a random graph is an expander graph and explicit constructions
of expander graphs are sub-optimal.

This paper introduces a method of constructing deterministic sensing matrices that are guaranteed to
act as a near-isometry on k-sparse vectors with high probability, and this geometric property will be
referred to as the Statistical Restricted Isometry Property (StRIP). We suppose that the columns of the
sensing matrix form a group under pointwise multiplication, that all row sums vanish, and we require
only a simple upper bound on the difference of the absolute values of the sum of the entries in any two
columns of the sensing matrix. Our framework is very general and includes sensing matrices for which
the columns are discrete chirps either in the standard Fourier domain [AHSC08] or the Walsh-Hadamard
domain [HCS08]. Numerical results in these papers had suggested that chirp sensing matrices satisfied the
StRIP property, and we provide a very simple proof that avoids reasoning about coherence of collections
of mutually unbiased bases (cf. [GH08]). Moreover, Finally, there are interesting connections between the
techniques to prove the most general StRIP property and the techniques for approximating the frequency
moments [AMS96].

Note that Tropp [Tro08a], [Tro08b] had previously derived conditions on the incoherence and spectral
norm of a sensing matrix that are sufficient to prove that a random submatrix is highly likely to define a
near isometry. He demonstrated feasibility of sparse recovery through `1 minimization when the sensing
matrix is incoherent, the sparse signal is supported on a well conditioned submatrix, and the nonzero
entries in the sparse vector have random signs. Our approach uses the strong concentration inequality of
McDiarmid to avoid the restrictive incoherency assumptions made by Tropp

Prior constructions of deterministic sensing matrices using approximation theory [DeV07] or number
theory [Iwe09] require at least k2 measurements. Those using unbalanced expander graphs require
O
(

(k2(log log C)O(1)
)

measurements [IR08], and explicit constructions [GUV07] are complicated. Our
deterministic sensing matrices on the other hand, at the presence of noise, only require Ω (k log(C))
measurements, and are very easy to construct. The properties we require are satisfied by a large class
of matrices constructed by exponentiating codewords from a linear code. Most important, we show that
these relatively weak properties are sufficient to guarantee unique representation of sparse signals. It
is the group property of columns in the sensing matrix that provides the concentration inequalities of
McDiarmid with the necessary leverage.

Tables 1 and 2 summarize performance of different approaches to reconstruction of k-sparse signals of
length C via randomized and deterministic matrices respectively. The quadratic reconstruction algorithm
[AHSC08], [HCS08] involves pointwise multiplication of the k-sparse superposition with a shift of itself,
followed by the Fourier / Walsh Hadamard transform, and the StRIP property holds for all offsets and
every Fourier / Walsh-Hadamard coefficient. Experimental results in these papers suggested that these



deterministic matrices satisfy the StRIP property, and the quadratic decoding algorithm with very high
probability recovers the original sparse signal. We prove that these matrices satisfy StRIP, and we go
further by proving that with overwhelming probability each sparse signal has a unique representation in the
measurement domain. This guarantees that the reconstruction algorithm proposed in [AHSC08], [HCS08]
which is quadratic in the dimension of the MEASUREMENT domain, will recover sparse signals with
high probability. The quadratic decoding algorithm [AHSC08], [HCS08] applies to “chirp-like” sensing
matrices. However, our construction of deterministic sensing matrices is much more general, and for this
larger class of matrices, basis pursuit and `1 minimization will successfully recover a sparse signal with
high probability.

Table 1. Properties of k-sparse reconstruction algorithms that employ random sensing matrices
with N Rows and C Columns. Note that `p/`q means ‖α∗ − α̂‖p ≈ ‖α∗ −α∗k‖q

Approach Number of Complexity Noise Compressible RIP
Measurements N Resilience Signals

Basis Pursuit k log
(C
k

)
C3 Yes `2/`1 Yes

(BP) [CRT06b]
Orthogonal Matching k logα(C) k2 logα(C) No `2/`1 Yes

Pursuit (OMP) [GSTV07]
Group Testing [CM06] k logα(C) k logα(C) No `1/`1 No

Expanders (Unique k log
( C
N

)
C log

(C
k

)
Yes `1/`1 RIP-1

Neighborhood) [JXHC09]
Expanders (BP) [BGI+08] k log

(C
k

)
C3 Yes `1/`1 RIP-1

Expander Matching k log
(C
k

)
C log

(C
k

)
Yes `1/`1 RIP-1

Pursuit(EMP) [IR08]
CoSaMP [NT08] k log

(C
k

)
Ck log

(C
k

)
Yes `2/`1 Yes

SSMP [DM08] k log
(C
k

)
Ck log

(C
k

)
Yes `2/`1 Yes

The quadratic reconstruction algorithm [AHSC08], [HCS08] is described below as Algorithm 1 and is
nonlinear. The first step is pointwise multiplication of a sparse superposition

f(x) =
1√
N

k∑
i=1

αiϕ
i(x)

with a shifted copy of itself. The sensing matrix is obtained by exponentiating quadratic functions so
the first step produces a sparse superposition of pure frequencies (in the example below, these are Walsh
functions in the binary domain) against a background of cross terms.

f(x+ a)f(x) =
1
N

k∑
j=1

|αj |2(−1)a
>Pjx +

1
N

∑
j 6=t

αjαtϕ
Pj ,bj (x+ a)ϕPt,bt(x). (1)

Then the fast Hadamard transform concentrates the energy of the first term 1
N

∑k
j=1 |αj |2(−1)a

>Pjx

at (at most) k Walsh-Hadamard tones, while the second term distributes energy uniformly across all N
tones. The lth Fourier coefficient is

Γla =
1

N 3/2

∑
j 6=t

αjαt
∑
x

(−1)l
>xϕPj ,bj (x+ a)ϕPt,bt(x), (2)

and it can be shown that the energy of the chirp-like cross terms is distributed uniformly in the Walsh-
Hadamard domain. That is for any coefficient l

limN→∞E
[
N2
∣∣∣Γla∣∣∣2] =

∑
j 6=t
|αj |2|αt|2. (3)



Table 2. Properties of k sparse reconstruction algorithms that employ deterministic sensing
matrices with N Rows and C Columns. Note that for LDPC codes k � C. Note also that RIP

holds for random matrices where it implies existence of a low-distortion embedding from `2 into
`1. Guruswami et al. [GLR08] proved that this property also holds for deterministic sensing
matrices constructed from expander codes. It follows from Theorem 2.3 in this paper that
sensing matrices based on discrete chirps and Delsarte-Goethals codes satisfy the StRIP.

Approach Number of Complexity Noise Compressible RIP
Measurements N Resilience Signals

Low Density
Parity Check Codes k log C C log C Yes `2/`1 No

(LDPC) [SBB06]
Reed-Solomon k k2 No No No
codes [AT07]

Embedding `2 into k(log C)α log log C C3 No `2/`1 No
`1 (BP) [GLR08]
Extractors [Ind08] kCo(1) kCo(1) log(C) No No No

Discrete chirps [AHSC08] k
√
C log C `2/`2 StRIP

(Quadratic Decoding)
√
C (kN logN) Yes (This paper) (This paper)

Delsarte-Goethals `2/`2 StRIP
codes [HCS08] 2

√
log C k2

√
log C log C Yes (This paper) (This paper)

(Quadratic Decoding)
(
kN log2N

)

Equation (3) is related to the variance of f and may be viewed as a fine-grained concentration estimate.
The Walsh-Hadamard tones appear as spikes above a uniform “noise” floor and the quadratic algorithm
learns the terms in the sparse superposition by varying the offset a. These terms can be peeled off in
decreasing order of signal strength or processed in a list (cf [GS99]), and it may also be possible to
incorporate methods of finding locally significant Fourier coefficients (cf. [Aka08]). Experimental results
show close approach to the information theoretic lower bound on the required number of measurements
[HCS08]. Since our approach guarantees a good approximation α̂ of the original signal α among all
signals with the same support T , the recovery is of the form `2/`2 that is

‖α− α̂‖2 ≈ ‖α−αk‖2, (4)

which is tighter than `2/`1 of basis pursuit and matching pursuit methods and `1/`1 of expander-based
methods. The quadratic algorithm is a recasting of the chirp detection algorithm commonly used in
navigation radars which is known to work extremely well in the presence of noise.

2. Construction of Deterministic Sensing Matrices that satisfy the StRIP

Let Φ be a deterministic sensing matrix with N rows and C columns, and let ϕi(x) denote the entry
in row x and column i. We begin by imposing two very simple conditions.

1) the columns of Φ form a group GC under pointwise multiplication,
2) the rows of Φ are orthogonal, and all row sums are equal to zero.
It follows from condition (1) that all entries of Φ are unimodular, that is for any row x and column

i, we have |ϕi(x)| = 1. It also follows from conditions (1) and (2) that the normalized columns 1√
N
ϕ

form a tight frame with redundancy C
N , and so Eϕ∈GC

[
|
∑

x ϕ(x)|2
]

= N (Appendix E).
We now show that with high probability the sensing matrix 1√

N
Φ preserves the norm of any k-sparse

input signal α to within a small fraction. This is the Statistical Restricted Isometry Property or StRIP.



Algorithm 1 Quadratic Decoding Algorithm
Input: N dimensional vector f = Φα
Output: An approximation α̂ of the signal α

1: for t = 1, · · · , k or while ‖f‖2 ≥ ε do
2: for each entry x = 1 to N do
3: produces a Walsh function using poitwise multiplication of Equation (1)
4: end for
5: Compute the Fast Hadamard Transform of the Walsh vector: Equation (2)
6: Find the position of the next peak lt in the Hadamard domain: Equation (3) guarantees that chirp

terms have no effect.
7: Determine the value α̂l which minimizes ‖f − α̂lϕPl,bl‖2. StRIP property (This paper).
8: Set f ← f − α̂lϕPl,bl .
9: end for

Our model for the signal is that the positions of the entries are chosen randomly, and the values of
the entries are chosen adversarially or arbitrarily. Let T = {T1, · · · , Tk} be a random permutation of the
columns of Φ. The image of α in the measurement domain is f(x) = 1√

N

∑k
j=1 αjϕ

Tj (x) and we now
show that Conditions 1) and 2) make it very easy to calculate the expected value and variance of ||f ||2.

We have

||f ||2 =
N∑
x=1

|f(x)|2 =
1
N

∑
x

(
k∑
t=1

|αt|2 + Ψ(x)

)
(5)

where Ψ(x) =
∑

j 6=i αjαiϕ
Tj (x)ϕTi(x).

Note that the expectation E[||f ||2] is over all admissible choices of columns ϕTj based on the random
permutation T .

Theorem 2.1. Let T be a random column permutation, let Φ be a deterministic sensing matrix satisfying
conditions 1) and 2) given above, and let α be a k-sparse complex valued signal with non-zero entries
in positions T1, · · · , Tk. Then(

1− k − 1
C − 1

)
||α||2 ≤ ET

[
||f ||2

]
≤
(

1 +
1
C − 1

)
||α||2.

Proof: See Appendix A.

Next we show that Condition 1) greatly simplifies calculation of the variance of ||f ||2. We have

||f ||4 =
∑
x,x′

|f(x)|2|f(x′)|2 =
∑
x,x′

f(x)f(x)f(x′)f(x′)

=
1
N2

∑
x,x′

(
k∑
t=1

|αt|2 + Ψ(x)

)(
k∑
t=1

|αt|2 + Ψ(x′)

)
(6)

where Ψ(x) =
∑

j 6=i αjαiϕ
Tj (x)ϕTi(x).

In order to prove the Statistical Restricted Isometry Property (StRIP), we need to bound the expectation
E[||f ||4] taken over all admissible choices of columns ϕTj . The first term in (6) is independent of the

choice of columns and is just
(∑k

j=1 |αj |2
)2

. Hence the remaining terms constitute the variance V [||f ||2].



The second term in (6) is given by

2
N2

 k∑
j=1

|αj |2
∑

j 6=i
αjαi

∑
x

ϕTj (x)ϕTi(x)

The choice of coefficients αj is independent of the choice of columns ϕPj ,bj so by linearity of
expectation, we should calculate

Ej 6=i

[∑
x

ϕTj (x)ϕTi
]
. (7)

If C is the number of columns, then we can rewrite the second moment (7) as

1
C(C − 1)

1T (
∑
g,h∈G
g 6=h

gh−1)

 (8)

where 1T is the row vector of length 2m with entries indexed by index binary m-tuples x and every
entry equal to 1. The initial factor is just the frequency with which any admissible pair (g, h) is chosen.
Condition 1) simplifies this second moment dramatically.

Lemma 2.2. The map G × G → G given by (g, h)→ gh−1 is a homomorphism and∑
g,h∈G
g 6=h

gh−1 = −C1 (9)

Proof. Every element of G except the identity appears exactly C times in the left hand sum. Since all
row sums of the sensing matrix vanish, the sum of the all element of the group is zero. This means that
sum of all except the identity element should be −1 which completes the proof. �

Using Lemma 2.2, the variance terms in (6) are bounded in Appendix B. Implications for the geometry
of deterministic sensing matrices are found in the next theorem (cf. [CT06]).

Theorem 2.3 (Statistical Restricted Isometry Property (StRIP)). Let Φ be a deterministic N × C sensing
matrix such that

1) The columns of Φ form a group GC under pointwise multiplication.
2) the rows of Φ are orthogonal, and all row sums are equal to zero.

Let α be a k-sparse signal where the positions of the k non-zero entries are equiprobable. Given a δ
with 1 > δ > (k − 1)/(C − 1), then with probability 1− (2k/N + (2k+7)/(C−3))/(δ − (k−1)/(C−1))2

(1− δ)‖α‖2 ≤ ‖ 1√
N

Φα‖2 ≤ (1 + δ)‖α‖2.

Proof. See Appendix C. �

If any two column sums of the sensing matrix are also sufficiently close, then the rate of success of
the StRIP property can be improved significantly.

Theorem 2.4. Let Φ be a deterministic sensing matrix satisfying the conditions of Theorem 2.3, and also
for any two columns i, j of Φ, ∣∣∣∣∣∑

x

ϕi(x)−
∑
x

ϕj(x)

∣∣∣∣∣
2

≤ N2−γ , (10)



for some positive γ. Then with probability 1− 2 exp
(
−δ2Nγ

2k

)
the following near-isometry holds:

(1− δ)‖α‖2 ≤ ‖ 1√
N

Φα‖2 ≤ (1 + δ)‖α‖2. (11)

Proof: See Appendix D.

3. The Null Space Property for Deterministic Sensing Matrices

Next we describe a third condition on deterministic sensing matrices that guarantees uniqueness of
sparse representations with high probability (cf. the Null Space Property of [CDD08]]). This condition
is satisfied by a large family of matrices constructed by exponentiating codewords from linear codes
defined over the binary field and other rings. Uniqueness of sparse representation means that with high
probability no other sparse signal will have the same representation in the measurement domain. This
probability is only over the position of the non-zero entries of the sparse signal and the values can be
any arbitrary complex numbers. A significant consequence is guarantees on the fidelity of the quadratic
decoding algorithms proposed in [AHSC08] and [HCS08].

This is the first construction of deterministic sensing matrices, requiring only Ω (k log C) measurements
for which uniqueness of sparse representation is guaranteed. The previous results are either based on group
testing and approximation theory [DeV07] or number theory [Iwe09] requiring at least k2 measurements,
or require very strict incoherence assumptions, or are based on expander graphs [IR08], [JXHC09],
[BGI+08] for which the best explicit construction requires O

(
(k2(log log C)O(1)

)
measurements [IR08],

[GUV07], and has a more complicated explicit construction than the construction of deterministic matrices
suggested in this paper.

The extra condition that we require is that any two column sums are sufficiently close. More precisely
for any two columns i, j of the sensing matrix,

∀ i, j :

∣∣∣∣∣|∑
x

ϕi(x)|2 − |
∑
x

ϕj(x)|2
∣∣∣∣∣ ≤ N2−η, (12)

for some η < 11. For matrices constructed by exponentiating codewords from say a binary linear code
it is satisfied if all the weights to lie in a range around N

2 . Note that by unimodularity of the elements
of Φ, for any column i we have

∣∣∑
x ϕ

i(x)
∣∣2 ≤ N2, and the tight frame property of Φ implies that

Eϕ∈UC

[
|
∑

x ϕ(x)|2
]

= N.

For any set S ⊆ {1, · · · , C} let ΦS be Φ restricted to columns from S. Clearly if |S| = 1 then
ΦS = ϕS . In order to prove the uniqueness of the sparse representation of a sparse signal α, we need a
chain of lemmas to bound the inter-connection between the columns corresponding to support of α and
the remaining columns of the sensing matrix Φ.

Lemma 3.1. Let w be a fixed column of Φ, and let T be a random k-subset of columns. Then

ET

[∥∥∥∥ 1√
N

ΦT
1√
N
ϕw
∥∥∥∥2
]

=
k

N
. (13)

Proof: Let T = {T1, · · · , Tk}. By linearity of expectation we have

ET

[∥∥∥∥ 1√
N

ΦT
1√
N
ϕw
∥∥∥∥2
]

=
1
N2

k∑
i=1

ETi
[∣∣∣(ϕTi)> ϕw∣∣∣2] . (14)

1. Indeed, η ≈ 0.5 is enough for our analysis.



Now since the columns of Φ form a group under the pointwise multiplication, we have(
ϕTi
)>
ϕw =

∑
x

ϕTi(x)ϕw(x) =
∑
x

ϕZi(x),

for sum index Zi, which has uniform distribution since w is fixed and Ti has uniform distribution and
hence:

k∑
i=1

1
N2

ETi
[∣∣∣(ϕTi)> ϕw∣∣∣2] =

k∑
i=1

1
N2

Ezi

∣∣∣∣∣∑
x

ϕZi(x)

∣∣∣∣∣
2
 =

k

N
.

Having bounded ET
[
‖ΦTϕ

w‖2
]
, we use McDiarmid’s inequality [BBL05] to show that the random

variable ‖ΦTϕ
w‖2 has high concentration around its mean.

Proposition 1 (McDiarmid’s inequality). Given a function f for which

∀ x1, · · · , xk, x′i :
∣∣f(x1, · · · , xi, · · · , xk)− f(x1, · · · , x′i, · · · , xk)

∣∣ ≤ ci,
and given X1, · · · , Xk independent random variables. Then

Pr [f(X1, · · · , Xk) ≥ E[f(X1, · · · , Xk)] + η] ≤ exp
(
−2η2∑
c2i

)
.

Using McDiarmid’s inequality, and Condition (12) we now derive a uniform convergence bound for
the random variable ‖ΦTϕ

w‖2.

Theorem 3.2. Let T be a set of k random columns of Φ. Then with probability 1− δ for any column w
of Φ we have ∥∥∥∥ 1√

N
ΦT

1√
N
ϕw
∥∥∥∥2

≤ k

N
+

√
k log C/δ
Nη

. (15)

Proof: Let f(t1, · · · , tk) = 1
N2

∑k
i=1

∣∣∣(ϕti)> ϕw∣∣∣2 . It follows from Condition (12) and the group
property that for any i, i′

1
N2

∣∣∣∣∣∣∣∣(ϕti)> ϕw∣∣∣2 −
∣∣∣∣(ϕt′i)> ϕw∣∣∣∣2

∣∣∣∣∣ =
1
N2

∣∣∣∣∣∣
∣∣∣∣∣∑
x

ϕzi(x)

∣∣∣∣∣
2

−

∣∣∣∣∣∑
x

ϕz
′
i(x)

∣∣∣∣∣
2
∣∣∣∣∣∣ =

1
Nη

.

Hence for any positive γ,

Pr

[∥∥∥∥ 1√
N

ΦT
1√
N
ϕw
∥∥∥∥2

≥ k

N
+ γ

]
≤ exp

(
−2γ2N2η

k

)
.

Now by applying union bounds over all possible columns of Φ we get:

Pr
T

[
∃ w :

∥∥∥∥ 1√
N

ΦT
1√
N
ϕw
∥∥∥∥2

≥ k

N
+ γ

]
≤ C exp

(
−2γ2N2η

k

)
.

Writing γ in terms of δ completes the proof. Hence, one can choose the constant Cδ, and N = Cδk log C
so that if we choose k columns from the matrix uniformly at random, for any other column w we have∥∥∥∥ 1√

N
ΦT

1√
N
ϕw
∥∥∥∥2

≤ (1− δ)2. (16)



Before proving the uniqueness of sparse representation we need the following lemma (See also [Tro08b]
for a similar lemma for incoherent dictionaries).

Lemma 3.3. Let T = {T1, · · · , Tk} be a set of k indices sampled uniformly from {1, · · · , C}. Assume
that 1√

N
Φ satisfies the StRIP(δ) property, that is

σmin (ΦT ) ≥ (1− δ)
√
N, (17)

for some positive constant δ and that the conditions of Theorem 3.2 are satisfied. Let S be any other
subset of {1, · · · , C} of size less than or equal to k. Then

dim (range(ΦT ) ∩ range(ΦS)) < k. (18)

Proof: First, note that we should assume that dim (range(ΦS)) = k, otherwise the condition of the
Equation (18) cannot be satisfied and we are done. Since S 6= T , S has at least one index not in T .
Denote that index by s. Since the entries of the matrix are all unimodular we have

‖ϕs‖2 =
∑
x

|ϕs(x)|2 = N. (19)

Let PT be the orthogonal projection operator on the range(ΦT ). To prove the claim of Equation (18), it
is enough to show that ‖PTϕs‖2 < ‖ϕs‖2, which implies that there exists a vector in the range ΦS that
is outside the range of ΦT . Note that

PT =
(

Φ†T
)>

Φ>T , (20)

where Φ†T is the pseudo-inverse of ΦT defined as
(
Φ>T ΦT

)−1 Φ>T . Since 1√
N

ΦT hast StRIP(δ) property,
the usual norm estimate implies that

‖PTϕs‖2 ≤
∥∥∥Φ†T

∥∥∥2

2

∥∥∥Φ>T ϕ
s
∥∥∥2
≤

∥∥Φ>T ϕ
s
∥∥2

(σmin(ΦT ))2
≤
∥∥Φ>T ϕ

s
∥∥2

N(1− δ)2
.

Equation (16) states that by choosing N = Cδk log C where Cδ is some appropriate constant depending
only on δ, we can guarantee that ‖PTϕs‖2 < N.

Theorem 3.4. Let f = Φα, then with overwhelming probability, α is the only unique vector with sparsity
k that satisfies equations Φx = f .

Proof: Let T be the support of α with size k and uniform distribution. Since ΦT satisfies StRIP, it
is non-singular and hence dim (range(ΦT )) = k. The StRIP property implies that no two signals with
support T can have the same value in the measurement domain. Lemma 3.3, on the other hand states that
the set of signals in range(ΦT ), that have another sparse representation, must have at most dimension
k − 1, and hence this set has zero volume with respect to any nonatomic measure. Hence almost surely
the signal cannot have any other sparse representation.

Note that quadratic decoding algorithm finds the support of the sparse signal, and our result on the
number of measurements N = Ω (k log C) is aligned with the information theoretic lower bounds for the
number of measurements required to recover the exact support of a sparse signal in the presence of noise
[AT08], [Wai06].



4. Recovery of Complex Steinhaus Signals via `1 Minimization

In this section, we show that for a particular family of (even complex) sparse signals, compressively
sampled using a deterministic matrix satisfying StRIP, it is possible to recover the signal uniquely using
the basis pursuit algorithm

minimize ‖x‖1 such that Φx = y. (21)

This section extends the work of Fuchs [Fuc04] and Tropp [Tro08b]. Their result require high inco-
herence among the columns of the sensing matrix. Here we show that the simple conditions required for
StRIP property, and Equation (12) are enough. We assume that the sparse signal comes from the family
of Steinhaus random variables. That is, the signal is in CC , it has at most k non-zero entries, chosen
uniformly at random from {1, · · · , C}, and each non-zero entry has a complex value whose phase is chosen
uniformly at random from the unit complex circle, and its value is chosen arbitrarily or adversarially.
Many signals of interest in spread-spectrum wireless communications. for example spreading sequences,
can be modeled as Steinhaus random variables, and our work provides a new approach to classical
intractable problems in that domain such as multi-user detection. We show that Steinhaus signals sensed
using deterministic matrices with Ω (k log C) measurements can be recovered successfully using the basis
pursuit algorithm.

Theorem 4.1. Let x∗ be a k-sparse complex Steinhaus signal compressively sampled using Ω (Cδk log C)
measurements from a deterministic matrix with StRIP. Then with overwhelming probability, the basis
pursuit algorithm of Equation (21) recovers x∗ successfully.

Proof: The proof is based on the propositions proved by Fuchs, and Tropp [Fuc04], [Tro08b], and
the StRIP property, and is provided in Appendix F.
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Appendix A: Proof of Lemma 4.2

The first term in (5) is independent of the choice of columns and is just
∑k

j=1 |αj |2; The following
lemma shows that the second term is bounded in absolute value by k

C ||α||
2.

Lemma 4.2. Let T be a random column permutation, let Φ be a deterministic sensing matrix satisfying
conditions 1) and 2) given above, and let α be a k-sparse complex valued signal with non-zero entries
in positions T1, · · · , Tk. Then

−N(k − 1)
C − 1

||α||2 ≤ ET

∑
x

∑
j 6=i

αjαiϕ
Tj (x)ϕTi(x)

 ≤ N

C − 1
||α||2,

where the expectation is taken over all possible random permutations T .

Proof. Since T is a random permutation, the choice of coefficients αj is independent of the choice of
columns ϕTj so by linearity of expectation,

ET

∑
x

∑
j 6=i

αjαiϕ
Tj (x)ϕTi(x)

 =
∑
j 6=i

αjαiETi,Tj

[∑
x

ϕTj (x)ϕTi(x)

]
.

Hence, we should calculate



ETi,Tj

[∑
x

ϕTj (x)ϕTi(x)

]
. (22)

Since the columns of the matrix form a group under poinwise multiplication, equation (22) can be
rewritten as

E Tj′
j′ 6=0

[∑
x

ϕTj′ (x)

]
. (23)

We can simply use the method of double counting for calculating equation (23). Since the row sums
of Φ are all equal to zero, the sum of all entries of Φ is zero, hence the average of the column sums
over all except the identity column is −NC−1 . Hence,

ET

∑
x

∑
j 6=i

αjαiϕ
Tj (x)ϕTi(x)

 =
−N
C − 1

∑
j 6=i

αjαi.

Applying the Cauchy-Schwartz inequality, we obtain

0 ≤
k∑

j,i=1
j 6=i

αjαi +
k∑
j=1

|αj |2 =

∣∣∣∣∣∣
k∑
j=1

αj

∣∣∣∣∣∣
2

≤ k
k∑
j=1

|αj |2,

which immediately implies

−k − 1
C − 1

||α||2 ≤ ET

 1
N

∑
x

∑
j 6=i

αjαiϕ
Tj (x)ϕTi(x)

 ≤ 1
C − 1

||α||2. (24)

�

Appendix B: Bounding the variance terms of Equation (6)

It follows from the Lemma 2.2 that
1

C(C − 1)
[1T (

∑
g,h∈G
g 6=h

gh−1)] =
N

C − 1
, (25)

and hence

ET

 ∣∣∣∣∣∣ 2
N2

 k∑
j=1

|αj |2
∑

j 6=i
αjαi

∑
x

ϕTj (x)ϕTi(x)

∣∣∣∣∣∣
 ≤ 2(k − 1)

N(C − 1)
‖α‖4.

The third term in (6) is given by

1
N2

∑
x,x′

∑
j 6=i
s 6=t

αjαiαsαtϕ
Tj (x)ϕTi(x)ϕTs(x′)ϕTt(x′)

and again we calculate the expectation over choices of admissible columns. There are several cases.
Case 1: The indices j, i, s, t are all distinct.



We calculate

Ej 6=i 6=s 6=t

∑
x,x′

ϕTj (x)ϕTi(x)ϕTs(x′)ϕTt(x′)


by rewriting as

1
C(C − 1)(C − 2)(C − 3)

1T (
∑
g,h∈G
g 6=h

gh−1)(
∑
v,w∈G
v 6=w,g,h
w 6=g,h

(vw−1)T 1

 (26)

Now since ∑
v,w
v 6=w

vw−1 = −C1, (27)

removing all terms (g, ∗), (h, ∗), (∗, g−1), (∗, h−1) from ((27)) and adding back in the terms (g, h−1), (h, g−1)
that have been removed twice, we count each element other than gh−1 and hg−1 exactly C − 4 times
and obtain ∑

v,w
v 6=w,g,h
w 6=g,h

vw−1 = −(C − 4)1 + gh−1 + hg−1.

Hence Equation. (26) becomes

1
C(C − 1)(C − 2)(C − 3)

∑
g,h
g 6=h

1T (gh−1)
(
−(C − 4)1 + gh−1 + hg−1

)T 1. (28)

Observe that if Sg,h =
∑

x g(x)h−1(x) then we can write Sg,h = 1T (gh−1) then

S2
g,h = 1T (gh−1)(gh−1)T 1

and
|Sg,h|2 = 1T (gh−1)(hg−1)T 1

and it is obvious that |Sg,h|2 = |S2
g,h|. So equation (28) can be written as

1
C(C − 1)(C − 2)(C − 3)

NC(C − 4) +
∑
g,h
g 6=h

(
S2
g,h + |Sg,h|2

) . (29)

We can apply the hypothesis on column sums and obtain

Eg,h∼GC
g 6=h

[
|Sg,h|2

]
= Ef∼GC

f 6=0

[∣∣1T f ∣∣2] = Ef∼GC
i 6=0

∣∣∣∣∣∑
x

ϕf (x)

∣∣∣∣∣
2
 ≤ N.

Hence (29) is bounded above in absolute value by

NC(C − 4) + 2C(C − 1)N
C(C − 1)(C − 2)(C − 3)

.



As a result

ET


∣∣∣∣∣∣∣∣

1
N2

∑
x,x′

∑
j 6=i
6=s 6=t

αjαiαsαtϕ
Tj (x)ϕTi(x)ϕTs(x′)ϕTt(x′)

∣∣∣∣∣∣∣∣
 ≤ 3(k − 1)2

N(C − 2)(C − 3)
||α||4.

Case 2: The indices j, i, s, t take on 3 distinct values.
There are two subcases. The first subcase is

Ej,i,t distinct

[(∑
x

ϕTj (x)ϕTi(x)

)(∑
x′

ϕTi(x′)ϕTt(x′)

)]
(30)

which we rewrite as

1
C(C − 1)(C − 2)

∑
h∈G

1T
∑
g 6=h

gh−1

 ∑
w 6=g,h

hw−1

T

1. (31)

Now ∑
w 6=g,h

hw−1 = −(1 + hg−1)

and so (31) is bounded above in absolute value by

1
C(C − 1)(C − 2)

|1T (
∑
g,h
g 6=h

gh−1)1T 1|+
∑
g,h
g 6=h

|1T (gh−1)(hg−1)T 1|


≤ CN2 + C(C − 1)N

C(C − 1)(C − 2)
,

which gives

ET

∣∣∣∣∣∣ 1
N2

∑
x,x′

∑
j 6=i 6=t

αjαiαiαtϕ
Tj (x)ϕTi(x)ϕTi(x′)ϕTt(x′)

∣∣∣∣∣∣
 ≤ 2(k − 1)

N(C − 2)
||α||4.

The analysis of the second subcase

Ej,i,t distinct

[(∑
x

ϕTi(x)ϕTj (x)

)(∑
x′

ϕTi(x′)ϕTt(x′)

)]
is very similar. All that changes is that the terms gh−1 are replaced by hg−1, so that the terms |1(gh−1)(hg−1)T 1|
are replaced by 1(hg−1)(hg−1)T 1. But since |Sg,h|2 = |S2

g,h| the upper bound on absolute value stays
the same.

Case 3 The indices j, i, s, t take 2 distinct values.
We calculate

Ej 6=i

[(∑
x

ϕTj (x)ϕTi(x)

)(∑
x′

ϕTi(x′)ϕTj (x′)

)]
(32)

which we rewrite as
1

C(C − 1)

∑
g,h
g 6=h

1T (hg−1)(gh−1)T 1.



This quantity is bounded above in absolute value by

C(C − 1)
C(C − 1)

N. (33)

Note that

k∑
j,i=1
j 6=i

|αj |2|αi|2 =

 k∑
j=1

|αj |2
2

−
k∑
j=1

|αj |4 ≤ (k − 1)
k∑
j=1

|αj |4 ≤ (k − 1)||α||4.

As a result

ET

∣∣∣∣∣∣ 1
N2

∑
x,x′

∑
j 6=i

αjαiαiαjϕ
Tj (x)ϕTi(x)ϕTi(x′)ϕTj (x′)

∣∣∣∣∣∣
 ≤ (k − 1)

N
||α||4. (34)

The second subcase is

Ej 6=i

[(∑
x

ϕTj (x)ϕTi(x)

)(∑
x′

ϕTj (x)ϕTi(x′)

)]
which we rewrite as

1
C(C − 1)

∑
g,h
g 6=h

1T (hg−1)(hg−1)T 1. (35)

and since ∑
j,i=1
j 6=i

α2
jα

2
i =

∣∣∣∣∣∣
k∑
j=1

α2
j

∣∣∣∣∣∣
2

−
k∑
j=1

|αj |4 ≤ (k − 1)
k∑
j=1

|αj |4 ≤ (k − 1)||α||4,

the upper bound (34) stays the same.

Appendix C: Proof of Theorem 2.3

Let f = 1√
N

Φα. By Theorem 2.1 we have(
1− k − 1
C − 1

)
‖α‖2 ≤ E[‖f‖2] ≤

(
1 +

1
C − 1

)
‖α‖2.

We have also shown that

E[‖f‖4]− ‖α‖4 ≤ 2(k − 1)
N(C − 1)

||α||4 +
3(k − 1)2

N(C − 2)(C − 3)
||α||4 +

4(k − 1)
N(C − 2)

||α||4 +
2k
N
||α||4

≤
(

2k
N

+
9
C − 3

)
||α||4,

which implies

V ar[||f ||2] ≤ ||α||4 +
(

2k
N

+
9
C − 3

)
||α||4 − ||α||4 +

2(k − 1)
C − 1

||α||4 −
(
k − 1

(C − 1)

)2

||α||4

≤
(

2k
N

+
2k + 7
C − 3

)
||α||4. (36)



Now, using Chebyshev’s inequality we have

Pr
[∣∣‖f‖2 − ‖α‖2∣∣ ≥ δ‖α‖2] ≤ Pr

[∣∣‖f‖2 − E[‖f‖2]
∣∣ ≥ (δ − k − 1

C − 1

)
‖α‖2

]

≤

(
2k
N + 2k+7

C−3

)
||α||4(

δ − k−1
C−1

)2
||α||4

.

If k ≤ c1N/(log C/N + 1) and C ≥ c2Nβ for some c1, c2 > 0 and β > 1, then

Pr
[∣∣||f ||2 − ||α||2∣∣ ≥ δ||α||2] ≤ 2c1

κ+1 + 2c1N−7κ+7
(κ+1)(c2Nβ−3)(
δ − 2c1

κ+1

)2

∼ 2c1
δ2(β − 1) logN

as N →∞,

where κ = (β − 1)(logN + log c2).

Appendix D: Proof of Theorem 2.4

Suppose that in addition to the two simple conditions of Section 2, any two column sums of the
sensing matrix are also sufficiently close. More precisely for any two columns i, j of the sensing matrix
and some positive γ, ∣∣∣∣∣∑

x

ϕi(x)−
∑
x

ϕj(x)

∣∣∣∣∣
2

≤ N2−γ . (37)

We show that if N = Ω
(
k log

(C
k

))
and γ = 1 then the probability of failure of the StRIP property decays

at a rate proportional to k/C. Let f(t1, · · · , tk) = 1√
N

∑k
i=1 αiϕ

ti , and h(t1, · · · , tk) = ‖f(t1, · · · , tk)‖2.
Clearly

h(t1, · · · , tk) =
1
N

k∑
i,j=1

αiαj
(
ϕti
)>
ϕtj . (38)

We have shown in Appendix A that

ET [h(T1, · · · , Tk)] ≈ ‖α‖2. (39)

Note that since Φ is unimodular, for each index i:

h(t1, · · · , ti, · · · , tk)−h(t1, · · · , t′i, · · · , tk) =
1
N

∑
j 6=i

(
αiαj

(
ϕti − ϕt′i

)>
ϕtj − αjαiϕtj

> (
ϕti − ϕt′i

))
(40)

Now since the columns form a group, the inner product between any two columns is another column
sum. Hence using Condition (37) we get∣∣h(t1, · · · , ti, · · · , tk)− h(t1, · · · , t′i, · · · , tk)

∣∣ ≤ 2
N
|αi|

∑
j 6=i
|αj |

∣∣∣∣∣∑
x

ϕzi(x)− ϕz′i(x)

∣∣∣∣∣ ≤ 2
N γ/2

|αi|
∑
j 6=i
|αj |.

(41)
Hence using McDiarmid’s inequality we get

Pr
T

[∣∣‖f‖2 − E[‖f‖2
∣∣ ≥ ε]] ≤ 2 exp

 −2ε2Nγ

4
∑

i |αi|2
(∑

j 6=i |αj |
)2

 . (42)



Note that using Cauchy-Schwartz’s inequality

k∑
i=1

|αi|2
∑
j 6=i
|αj |

2

=
k∑
i=1

|αi|4 +
k∑
i=1

|αi|2
 k∑
j=1

|αj |

2

− 2
k∑
i=1

|αi|3
 k∑
j=1

|αj |

 (43)

≤
k∑
i=1

|αi|4 + k

(
k∑
i=1

|αi|2
)2

− 2

(
k∑
i=1

|αi|2
)2

≤ k‖α‖42.

Hence for each positive δ, with probability at least 1 − 2 exp
(
−δ2Nγ

2k

)
the following near-isometry

holds:
(1− δ)‖α‖2 ≤ ‖f‖2 ≤ (1 + δ)‖α‖2, (44)

and if N = k log
(C
k

)
then the probability of failure decays at a rate proportional to k

C .

Appendix E: Tight Frames

It follows from conditions (1) and (2) that the normalized columns 1√
N

form a tight frame with
redundancy C

N , that is ΦΦ† = CIN×N . Since, if ΦΦ† = CIN×N , then

C∑
j=1

ϕj(i)ϕj(k) = Cδik.

Hence for any vector v∑
j

|〈v|ϕj〉|2 =
∑
j

〈v|ϕj〉〈ϕj |v〉 = 〈v|(
∑
j

ϕj〉〈ϕj)|v〉 = CvIv = C||v||2.

As a result, if the normalized columns 1√
N
ϕ form a tight frame with redundancy C

N then

Eϕ∈GC

∣∣∣∣∣∑
x

ϕ(x)

∣∣∣∣∣
2
 =

∑
x,x′

1
C
∑
ϕ∈GC

ϕ(x)ϕ(x′)

=
∑
x,x′

δ(x− x′) = N.

Appendix F: Proof of Theorem 4.1

We use the following proposition proved by Fuchs, and Tropp [Fuc04], [Tro08b]

Proposition 2. Let x∗ be a complex sparse signal from the Steinhaus family, with support T . If for any
column w /∈ T of the normalized sensing matrix Φ∣∣∣∣(Φ†Tϕ

w
)>

sgn(x∗)
∣∣∣∣ < 1, (45)

then the basis pursuit algorithm of Equation (21) recovers the signal x∗ successfully.

An analysis very similar to analysis of Theorem 3.2 shows that for a fixed column w, if the elements
of T are chosen uniformly at random, if the matrix satisfies StRIP(δ) property, and also condition of
Equation (12) holds then there exists a constant κδ such that except with exponentially small probability

‖ΦTϕ
w‖2 < κδ

√
k

N
. (46)



We use the Bernstein inequality to show that the sufficient conditions of Equation (45) holds and hence
basis pursuit algorithm can recover the Steinhaus signal (cf. [Tro08b]).

Proposition 3 (Complex Bernstein Inequality). Let X = [X1, · · · , Xk]> be a vector of k i.i.d Steinhaus
random variables, and a be any complex vector. Then for any positive ρ

Pr
[∣∣∣a>X∣∣∣ ≥ ρ‖a‖2] ≤ 2 exp

(
−ρ2

2

)
. (47)

Theorem 4.3. Let x∗ be a k-sparse complex Steinhaus signal compressively sampled using Ω (Cδk log C)
measurements from a deterministic matrix with StRIP(δ). Then with overwhelming probability, the basis
pursuit algorithm of Equation (21) recovers x∗ successfully.

Proof: We show that (45) hold with high probability. First fix a column w. Since x∗ is Steinhaus, and
considering Equation (46), we can apply the Bernstein inequality with a = Φ†Tϕ

w, and X = sgn(x∗).
Hence

Pr
[∣∣∣∣(Φ†Tϕ

w
)>

sgn(x∗)
∣∣∣∣ ≥ 1

]
≤ 2 exp

(
−N
κ2k

)
.

Now, adding the total probability of failure of Equation (46) for a fixed w and applying the union
bounds to all C possible choices of w we get

Pr
[
∃ w :

∣∣∣∣(Φ†Tϕ
w
)>

sgn(x∗)
∣∣∣∣ ≥ 1

]
≤ 3C exp

(
−N
κ2k

)
. (48)

This probability drops to zero exponentially fast, provided that N = Ω (k log C).


