Chirp Sensing Codes:
Deterministic Compressed Sensing Measurements
for Fast Recovery

Lorne Applebaum Stephen Howard Stephen Searle Robert Calderbank

Electrical Engineering DSTO Electronic & Electrical Engineering Electrical Engineering

Princeton University PO Box 1500 The University of Melbourne Princeton University
NJ 08544, USA Edinburgh 5111, Australia Victoria 3010, Australia NJ 08544, USA

Abstract—Compressed sensing is a novel technique to acquire an efficient coding and decoding scheme in mind. We have
sparse signals with few measurements. Normally, compresseda similar situation in compressed sensing. Thodghmini-
sensing uses random projections as measurements. Here we dep,i;ation has been shown to recover the signal from random
sign deterministic measurements and an algorithm to accomplish o . . ; .
signal recovery with computational efficiently. A measurement prpjectlons (1], itis Compl“'tat'onally expen'SIV(.e. The QIIB’?
matrix is designed with chirp sequences forming the columns. arises as to whether we can design projections to facilitate
Chirps are used since an efficient method using FFTs can recover the rapid recovery of the signal. This is an issue of praktica
the parameters of a small superposition. We show empirically consequence. If compressed sensing is to be used in real-tim
that this type of matrix is valid as compressed sensing measure- systems, we must have a method which, in addition to reducing

ments. This is done by a comparison with random projections and th b f ts. is able t the si |
a modified reduced isometry property. Further, by implementing € number of measurements, 1S able 1o recover the signa

our algorithm, simulations show successful recovery of signals quickly. Here we present a proof of concept scheme which
with sparsity levels similar to those possible by Matching Pursuit accomplishes this.
with random measurements. For sufficiently sparse signals, our A number of decoding schemes have been proposed that
algorithm recovers the signal with computational complexity nrqve ypon the/; minimization signal recovery technique
O(K log K) for K measurements. This is a significant improve- . .
ment over existing algorithms. (also known asBasis Pursuit). However, mos_t schemes pre-
suppose random measurements. Examples include Orthogonal
. INTRODUCTION Matching Pursuit [3] and its refinements [4]. In contrasg th
The sparsity of signals is a fact often exploited in signalcheme presented here exploits structure in determialistic
processing. In particular, the common way to compressdasigned measurements to make recovery much faster. There
signal is to transform it to the basis in which it is sparsexists a small number of other schemes with less strucyurall
and subsequently store only the locations and values of ttadom measurements [5]-[7]. The scheme presented here has
few non-zero elements. Recently, it has been discoverdd thawer recovery complexity.
in addition to storage, signal sparsity can be leveraged toThe remainder of the paper is organized as follows. In
reduce the number of measurements for signal acquisitidn aection 1l we provide necessary background and notation and
detection. It has been shown that, if a signal is sufficiently Section Il we introduce our encoding scheme and the eorre
sparse, a small number projections onto random vectorssisonding decoding algorithm. Section IV provides analg$is
enough to recover the signal [1], [2]. This method has beeur encoding matrix in terms of the reduced isometry prgpert
called Compressed Sensing. commonly employed in compressed sensing. In Section V we
In compressed sensing, the use of randomly generatgshsider our scheme in the special case of Fourier signals an
projections to make measurements has the useful consegugitesent a modification to improve the scheme’s robustnass. |
of sidestepping the computationally difficult task of chieck Sections VI and VII we examine our algorithm in terms of

whether the measurements allow for signal recovery. Bymputational complexity, signal recovery and robustriess
considering recovery stocastically, it has been shown thajise.

measurements generated from Gaussian or Bernoulli random

variables allow for signal recovery with high probabilith ||, CoMPRESSEDSENSING BACKGROUND AND NOTATION
some ways, the use of random measurements may be viewed ) ) ) o

as an analogy to random codes used by Shannon to pro\,(E,,{Ve consider discrete signals of finite length. Letbe a
theorems in channel coding. Though useful in proofs, pure§ngth N signal which we would like to sense and recover.
random channel codes are never used in practice becalieassume that is sparse in some orthonormal basis. Thus,
encoding and decoding would be far too computationallyf€ can writer as

intensive. Instead, practical channel codes are develaitbd x=WUs Q)



where s is a length NV vector with fewer thanM non-zero This gives
elements. We measurewith K < N projections which have . ,
results given in the vectay. The vectors projected upon are f(I) = g(I)y(l +T) = |s;|2e’® (mT+mT),

j2m(2r IT)
K

set as the rows of th& x N matrix & which gives 4 |S2‘2ej277r(m2T+r2T2)ej27r(igng)
y=oUs @ + .-+ +cross terms  (6)
= 0Os

where the cross terms are of the form

Where_the second equality is by 'deflnltlon.@f We are free Spgqe%(mpTM,pTz)ejz%l(mp_mﬁﬂrp”ﬂ%lz(,,p_rq) %
to design® and thus®. Though, if we desigr® we should
remain aware that actual sensing of the signal is done @ith and are therefore chirps. We see thl) is a signal that

Since® is a wide matrix, solving fos giveny is ill posed. has sinusoids at the discrete frequen@ed’ mod K. If K
However, using non-linear methods, we can leverage the fietprime, this is a bijection from chirp rates to FFT bins.
that s has at mosf\/ non-zero elements. It has been shown iRurthermore, the remainder of the signal consists of thescro
[8] that if © satisfies thel/-restricted isometry property (M- terms. Since the cross terms are chirps, their energy isdpre
RIP), s can be recovered perfectly using &nminimization. across all FFT bins.

Several results exist showing that, whih satisfies As long asy consists of sufficiently few chirps:(is sparse),
taking a FFT of f(I) results in a spectrum with significant
M < cK/log(N/K), (3) peaks at locations corresponding9” mod K from which

]yve can glean chirp rates.

Upon discovering the chirp rate; we can “dechirp” the
signaly(l) by multiplying by e=7277:/*/K  This converts only
Fhe chirps with rater; to sinusoids. Performing an FFT on
the resulting signal can be used to retrieve the correspgndi
value(s) form; ands;.

Setting the elements @ as

with a known constant, randomly generated matrices o
various types satisfy/-RIP with high probability [9]. Thus, if
a signal’s sparsity is bounded by (3), then it can be recave
from K random measurements with high probability.

We summarizeM-RIP as follows. LetM be a subset of
{1,..., N} of cardinality M and® , be the matrix formed by
concatenating the columns 6f indexed byM. © is M-RIP
when the eigenvalues 6§06 ., are bounded nedrfor every Ok = QI e b — Koy +meZg: (8)
M. The bound is dependent alW and its exact definition ’
can be found in [8]. In this paper, the statistics of eigemeal we see thay = ©s will have the form (5). Givery formed
of the Gram matrice®©%,0,, are of concern rather than ausing®, we summarize the algorithm described.

formulation of their bound. 1) Choose d € Zg,T # 0, and a stopping energy
2) Form f(1) = g(l)y(l + T) and take lengthk” FFT.
I1l. CHIRPED SENSING CODES 3) Find location of the peak in the FFT 88,7 mod K

and record the unique; g:orresponding to the location.
Multiply y(1) by e=7277i&"/K and take lengthk’ FFT.
Find the location of the peak and recordrags use the

We approach the recovery problem by noting that finding 4)
is equivalent to discovering which small linear combinasio )
of the columns of® form y. We will design®© to facilitate value 1o recoves.
this. In particular, we will look at & designed with chirp ) Repl ith B
signals forming the columns. eplacey with y — s;e ) _

A length K chirp signal has the form 7) tli?nizgat steps 2-6 untjly||3 < e or have iterated)/
O (1) = ax- o L2t . d2mrl? m,r € T (4) The recovery ofs; gives the value of an element inwhile

’ the pair(m,, ;) gives its locations iy as the index<r; +m;.

j2m(myltr;1?)
K

wherem is the base frequency andis the chirp rate. For a

length K signal, there arg<? possible pairgm,r). We will IV. RIP ANALYSIS OF ©

form a K x K? sized © which has columns filled with all The standard compressed sensing formulation described in
K? uni-modular chirp signals (setting = 1 for notational Section Il considers the signal as fixed and examines re-

convenience, though in Section W= \/% is used). covery using of random measurements. The probability of re-
Consider a vectoy, indexed byl, formed from the linear covery is inherited from the randomness in the measurements
combination of some chirp signals However, here we have developed deterministic measurement
_ o v - ©. In general, it is not easy to show a non-randénsatisfies
y(l) = spe FEHIRE g, RE RS L (5)  RIP. Thus, we have no guarantees of recovery folaisparse

s. However, we conjecture that, considering the signal rathe
which have base frequencies defined /by and chirp rates than the measurements stocastically, a randomly generated
defined byr;. The chirp rates can be recovered frogmby sparses can be recovered fron® with high probability.
looking aty(l)y(I+d), where the index+d is taken mod K. Empirical results presented here support this claim.



as jointly with our corresponding algorithm.

T
Chirp Codes
Gaussian Random Measurements

V. SPECIALIZATIONS

Here we consider the use of Chirp codes in the special
case of sparse Fourier signals as well as a modification to the
algorithm to mitigate cross-term interference and noise.

A. @ for Sparse Fourier Sgnals

Though we are interested in being able to determine the
combination of columns 06, measurements are taken upon
x and thus are made with the matrix = ©@¥~!. We are
therefore concerned witl for implementation. WhenV is
the Fourier matrix (ifr is a sparse superposition of sinusoids),
we can find the structure @b directly.

As described above, we séxto have thel, k entry of the
form

Max and Min Eigenvalues

0.5F b

. . . .
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j2nri?2  j2rml
Fig. 1. Eigenvalue statistics of Gram matric®g,©  of varying sparsity Ok = e K T K
M for Chirp Codes and Gaussian Random Measurements

with k= Kr+m € Zg:

This construction o© groups the columns of chirps in blocks
of chirp rates.
Since ¥ is the Fourier matrix® = ©U~! is a matrix with
Recall that© satisfiesM-RIP when©3,0 1 has eigen- rows formed by thek? length Fourier transform of the rows

values sufficiently close ta for every M. The setsM  of ©. The Fourier transform of th&" row of © is given by

correspond to the possible supports of hsparses. For a
K21 K-1K-1

deterministico, this, in general, r}a\(fquires the computationallyz ©l; ke—j;zkw B Z ejgzzz Gl mimire  —ivmme
difficult problem of checking all M possibleM. Instead, ;= ’ =0 =0
we consider the probability that a random, though sparkas K1 o2y K1 B o
a supportM with the property thaB%,0 ,( has eigenvalues = Z ex e x*
r=0 m=0

appropriately close to 1.

s —w — 2
After scaling © so that its columns have unit norm, we =0@2—w)€’ (Ki=w)A/K=1/K7)

compare the statistics of eigenvalues of its Gram matrices t
those of a matrix with Gaussian entries of zero mean and
variance%. From well-known compressed sensing results, this

sin (7(Kl — w)/K)
sin (7(Kl — w)/K?)

9)

Gaussian matrix is known to satisfy RIP with high probajmhtwhereéi is the Kronecker delta with taken mod K. Thus,

whgn (3) Is satisfied [8]. . the rows of® are periodic trains of delta functions modulated
Figure 1 shows the sample means and standard dewatlgg}s

. L ; 7 a sinc function. This means that the measuremgntan
of the maximum and minimum eigenvalues ®f, O« for o formed simply as a weighted sum of a sparse number of
varying M. For every valuelM, setsM are generated uni- gomples of;. Thus, the encoding of has a relatively low
formly random over all sets and the statistics are accumdla

tcomputational cost.
from 10,000 samples. A value ok = 67 was used for — nig formulation of® along with the scenario of sparse

the simulation. For comparison, the sample means of W15 in the Fourier domain is used in the simulations
maximum and minimum eigenvalues of the Gram matriceq sirated later

of the Gaussian measurements are also shown.
From Figure 1 we see that the eigenvalues@¥,0,, B. Interference and Noise Mitigation
are, on average, closer to 1 by more than a standard deviAt the expense of more computation, we can improve the
ation compared to the corresponding eigenvalues of Gaussi@rformance of the algorithm by exploiting the availalilit
measurements. Thus, if Gaussian measurements satisfy of f (1) for different delaysT. By adding the FFT bins of
RIP, then our® will also be able to recover a randoM- each chirp rate- with those of the FFTs formed from the
sparse signal with high probability. Results are similar fother delays, we can mitigate the effect of noise and any
other values ofi. significant values from cross terms in (6). A bin with a chirp
It is important to note that here we have analyzed the r is correlated across differefit while with a white noise
measurement matri® in isolation of the algorithm presentedapproximation of the cross term interference (or simplytehi
in Section Ill. In this section, we have shown th@t is noise), other bins are not correlated and have zero mean. In
suitable as compressed sensing measurements in generathénextreme case, we take a FFT for All- 1 possible shifts
Section VII, we examine how the measurements perforii



The modified algorithm is summarized here.
—— Matched Pursuit

1) Choose a Stopping energy 4.5} —E— Single Pass Chirp Decode / 4

2) Form fr(l) = y()y(l+T) for everyT € Zk,T # 0 —%— Full Pass Chirp Decode /
and take length FFT of each. ar

3) Using2r;T mod K, reorganize the output of each FFT
such that the bins are in order of increasing

4) Sum the absolute value of the reorganized FFTs a
record the peak;

5) Multiply y(I) by e=727*/K and take lengthk” FFT.

6) Find the location of the peak and recordrag use the
value to recoves;.

7) Replacey with y — s;e

8) Repeat steps 2-7 untjly||2 < ¢ or have iterated\/ I .

times. % 3 : 4 777745}// 6 7 8
We compare the performance of original algorithm with thi Sparsly Level
modified algorithm in Sections VII-A and VII-B.

Mean Square Reconstruction Error
N
(%))

j2m(myldr;1?)
K

Fig. 2. Sparsity requirements of the algorithm fisr = 41
VI. COMPUTATIONAL COMPLEXITY

Reconstruction in compressed sensing is normally do 5 : : :
by solving a linear program minimizings||,. As remarked 25| —5— Single Pass chirp Decardel // 1
earlier, this method is computationally intensive and has-c —— Full Pass Chirp Decode |/
plexity O(N?3). An alternative scheme is the greedy Matchin
Pursuit algorithm with complexity) (K M N), which we use
in simulations for comparison. Here, we consider the cor
plexity of the Chirp Code algorithm.

By using the chirp decoding algorithm we leverage the efl
ciency of the FFT. Similar to Matching Pursuit, the algamith
iteratively pulls out the strongest signals. In this algom,
each “peel” requires the computation of two FFTs of lengt
K: a first, to extract the coded chirp rate, and a second
extract the coded frequency. Since, for)-sparse signal al -

Mean Square Reconstruction Error
N
(%))

approximatelyM peels are required, the complexity of the of e ¢ Jg*ji/ . m o
computation is Sparsity Level M
O(MK log K) (10)

Fig. 3. Sparsity requirements of the algorithm far= 67
As noted in Section V-B we can trade additional compu-
tation for improved performance by using multiple delays
to form f(I). In the most computationally intensive case, wg Sparsity Requirements
performK length K FFTs for each peel which gives an overall

complexity of An important examination is whether the algorithm’s im-

proved computation complexity degrades the sparsity level
(1) at which signals can be recovered. We look at the sparsity

In terms of computation, the algorithm is a significant im[equwements for various signal lengths while usig= v/

provement upor?; minimization and Matching Pursuit. Formeasurements.

comparison, a table of various algorithms and their complexh!:Igures .2 andd 3 (lzom'[:t)s re t.r][ﬁ tLector}struE[:tlrc]J.n error O.T[ ft he
ities can be found in [6]. chirp sensing code algorithm wi at of matching pursoii

signal lengthsNV = 412 and N = 672. A signal comprised of

a small number of sinusoids was measured and reconstructed.

We include two chirp sensing code algorithms: using a single
Here we present some simulation results characterizing tt@ft as well as using all possible shifts. We see that when

performance of the algorithm. The simulations were producall shifts are utilized, the chirp sensing algorithm is able

using a measurement matrix formed as described in Seég-outperform matching pursuit, successfully reconsingct

tion V-A acting upon a signal sparse in the Fourier domaisgignals containing more sinusoids.

We compare its performance against the matching pursuitResults for other values oW show that the sparsity levels

algorithm using a Gaussian randabn M required by the algorithm for signal recovery follow (3)

O(MK?log K)

VIlI. PERFORMANCE



O satisfies the restricted isometry property and therefore ca
guarantee signal recovery is difficult. Instead, we considie

a modified version of the RIP which regards the signal,
rather than the measurements, stocastically. Empirical ev
dence showed that the majority of Gram matricesoohave
eigenvalues closer to 1 than correspondingly sized Grarri-mat

/ ces of random Gaussian measurements. This, in turn showed
that a signal recoverable from the random measurements is
very likely recoverable from measurements made wdth

Signal recovery from our measurements was also shown by
the implementation of our decoding algorithm. The recovery
exploited the efficiency of the FFT in each of two steps: the
first to recover the chirp rates and second to recover the chir
frequency. By identifying the chirp rates and frequenciks,
superimposed columns éf are determined. In simulation the
algorithm was shown to equal the performance of matching
pursuit in noise resilience and exceed matching pursuit’s
performance in signal sparsity requirements.

A limitation of the chirp code algorithm is the restriction
K > +/N. This derives from the size of the family of length
with different values ot for single delays and multiple delays. g chirps which necessitate® be K x K2 or narrower.

As a result, this limits the algorithm’s abilities in siti@is
where K must be small. Stemming from this work, a similar

Strictly speaking,s is sparse if it has very few non-zeroglgorithm based on second order Reed-Muller codes found
elements. However, this is not a good model of practicyl [11] addresses this. Second order Reed-Muller codes can
signals. Practical signals will have small values in alhsdats be viewed analogously to chirps and decoding can be done
of s either due to noise or components that can be discardgéing the Fast Hadamard Transform in place of the FFTs. The
A practical recovery algorithm must be able to work undeflass of lengthK second order Reed-Muller codes is very
these circumstances. Further, it is important to know atctvhi |arge, essentia”y remo\/ing this lower bound on the numiber o
noise levels the algorithm can operate. measurements. This paper can serve as a preliminary read to

Figure 4 compares the performance of the chirped sensnd] for those less familiar with Reed-Muller codes.
code algorithm with matching pursuit. In the figure, we exam- Regardless of the above limitation, chirp sensing codeslexc
ine the detection of a single sinusoid in noise. We considerag method for fast signal recovery with compressed sensing.
correct detection if the first “peel” of the signal corresgsn
to the sinusoid. The figure was generated by simulation
using K = 41 measurements and lengfii = 412 signals. [1]
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Fig. 4. Performance of algorithms in the presence of noise

B. Detection in Noise
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